In this paper we study the scattering of gravitons off a five orientifold in eleven dimensions. We compare the supergravity result with a two loop M(atrix) model calculation and find exact agreement. The supergravity calculation involves nonlinear three graviton effects.
Introduction
The M(atrix)-model, [1] , was originally introduced as a model for eleven dimensional M-theory based on D-particle quantum mechanics, [2, 3, 4] . To obtain the eleven dimensional theory it was important to take the limit N → ∞. A stronger conjecture was however put forward in [5] , where it was proposed that finite N makes sense as a lightlike compactification, the discrete light cone quantization (DCLQ). In [6, 7] strong arguments were given in favor of the DCLQ conjecture. For reviews with extensive references, see, for example [8, 9, 10, 11] .
It is natural to test the conjecture by comparing supergravity with perturbative M(atrix) model calculations. If we want to compare with noncompact D = 11 supergravity we must make sure that the compact lightlike direction is large enough. According to [12, 13] , this requires a large boost so that the physical dimensions of the system under study are much smaller than the compactification scale. This in turn implies taking N very large. To be more explicit, consider a system of characteristic mass M and characteristic length r. If the system is at rest we have P − = P + = M. According to the argument above, we need r << R (where R is the lightlike compactification radius) in order to have a reliable description. This implies Mr << MR = P − R = N. Given r, the largest mass that we need to consider is the mass of a black hole of radius r. In eleven dimensions we have M ∼ r 8 and therefore we conclude that r << N 1/9 . The M(atrix)-model calculation is a perturbative loop expansion and we must investigate whether its range of validity overlaps with supergravity. The M(atrix)-loop expansion is an expansion in N/r 3 and we therefore need N/r 3 << 1. Hence we find N 1/3 << r << N 1/9
(1)
It follows that there is no overlap between the M(atrix) regime and the supergravity regime. There is therefore no reason to expect the perturbative M(atrix) calculations to agree with supergravity and we can expect agreement only when there is a nonrenormalization theorem to rely on.
The model example where there is nonrenormalization is the scattering of two gravitons. At one loop it can be argued from supersymmetry that the v 2 term vanishes and that the v 4 term is not renormalized and agrees directly with supergravity [4] . From the D-particle point of view this follows from the force being of the same form for short and long distances. The successful two loop calculation in [14, 15] suggests that there is nonrenormalization of terms at least up to order v 6 . The discussion of [16] suggests, however, possible problems at higher orders. Related are the successful one loop calculations for extended objects [17] represented by particular background matrices. An alternative representation for 5-branes is described in [18] through explicit addition of hypermultiplets to the M(atrix) theory. At one loop the supergravity result is again successfully reproduced. This is a parallel to the case of two D-particles, but now it is the v 2 which is protected with the force being of the same form for short and long distances.
Other cases where the action is modified are orientifolds. Various such examples were discussed in [19] . Three cases are successful at the one loop level. These are R/Z 2 (see [20] ), R 5 /Z 2 and R 9 /Z 2 , e.g. those cases where you can find protected terms in the expansion according to the above prescription. For the other orientifolds, the situation is not as fortunate. In the case of R 8 /Z 2 , it is noted in [19] that a suitable term can be found at two loops but with the wrong N-dependence. In our view there is no reason to expect agreement. No nonrenormalisation theorem that might protect from higher loop corrections is expected.
In this paper we will investigate graviton scattering in a R 5 /Z 2 background. At one loop, [19] , the result consist of a piece involving an interaction between the graviton and its mirror image of order N 2 v 4 /r 7 and an interaction directly with the five brane charge of the orientifold of order Nv 2 /r 3 . We will verify that there is no contribution to the v 2 at two loops but we do find a term of order N 2 v 4 /r 10 . The result is furthermore shown to be in exact agreement with supergravity, where the contribution can be seen to be a three graviton effect involving the orientifold, the graviton and the mirror image.
Recently several papers have appeared discussing three graviton scattering, [21, 22, 23, 24, 25] . An explanation of the discrepancy discussed in [26] has been suggested in [22] , and the exact agreement between the approaches verified in [23] . The present work is a further successful test of the M(atrix) model along these lines.
The outline of the paper is as follows. In section two we perform the supergravity calculation. In section three we perform the two loop M(atrix) model calculation with some details presented in appendices. Section four contains our conclusions.
The supergravity calculation
From the supergravity point of view we need to calculate the scattering of two gravitons (a source and a probe) in the presence of an object with five brane charge. This is due to the fact that the Z 2 quotient produces an image for each particle, but also the 5-dimensional fixed plane becomes a source for the four form and the graviton, [27] .
The metric and four form corresponding to a five dimensional object charged under F [4] is
where
, with k a parameter given by the five brane charge. i = 1...4, I = 5...9 and we have defined ρ x + . To the order that we will be working the field strength F will not be important.
The energy momentum tensor of the image graviton can be computed from the action for a massless particle
where e is an arbitrary function of the parameter τ which we choose to be constant. The energy momentum tensor is then:
Using
one finds
where u µ is the velocity of the image graviton (i.e. the source graviton) and is given by
i.e. it corresponds to a D-particle moving along y 2 . The impact parameter will be given by y 1 = −r. The probe will be moving in the opposite direction with
and impact parameter y 1 = r. The relative velocity of the probe and source gravitons is v. This means that the image particle produces the Aichelburg-Sexl metric
after averaging over the x − direction. The fact that makes the calculation interesting is that the resulting metric is not a linear superposition of (3) and (12) . Since the equation of motion are non-linear there will be corrections that include a three graviton vertex as depicted in fig.1 . We will now proceed to evaluate these corrections.
We expand the metric around a Minkowsky background according to where the perturbation is given by
The first two terms are the super imposed unperturbed backgrounds where the Dparticle part is given by equation (12) above while the orientifold part is given by
χ µν is the genuine three body contribution that will be obtained below.
The effective action consists of two parts. The D-particle Lagrangian contributes with
With our ansatz for the metric and using e.g.
Adding the gravitational Lagrangian given by [23] 
we obtain
We must now determine χ µν s µ s ν and to this end we need to consider the Einstein tensor. We find a first order piece given by
and a second order piece given by
We impose the gauge choice
and obtain − 1 2 ∂ 2 χ µν from the first order term. The same gauge condition is also obeyed by the unperturbed background ζ µν . However, as opposed to [23] the background is not traceless. ζ H µν has a trace given by ζ Hλ λ = 4k 3r 3 . The relevant source terms obtained from the second order piece contain one ζ h and one ζ H , note that the third line vanishes due to the gauge condition. Furthermore, the energy momentum tensor (8) provides a source term for χ µν when the indices are lowered by the orientifold metric. Following [23] we find the relevant contribution to be
This simple energy momentum tensor where all the non linearities are coming from the lowering of the indices is crucial for obtaining the M(atrix) model result both for [23] and in our case. As explained in [22] further non linearities are absorbed into the quantized lightlike momentum. We put
and for convenience we redefine
The resulting equation forχ is
where y = y 2 is the direction along the motion of the graviton. We need not solve the equation in general since we are interested only in the value of χ at the position of the particle. It is in fact enough to consider the case (y
This can be obtained using the 9-dimensional Green function. For convenience we define ρ 2 ⊥ = ρ 2 + z 2 where z = y 1 . In particular we find that the first of the source terms in equation (26) leads to the integral 225 16
The integral has been evaluated using a change of variables according to r
A similar integral gives 8k ρ 3 h 0 for the second term of the first line while the last term of the first line immediately gives k 3ρ 3 h 0 . It can be verified that the rest of the terms do not contribute to the particular scattering amplitude that we are interested in. We can then conclude thatχ
and therefore
This allows us to obtain
This is however not the whole story. We must also add the identical contribution from the image graviton action and the action of the five brane charged object (including gravitational actions). The latter is easily deduced without any further calculation. The integrated force on the orientifold must be equal and opposite the one from the two gravitons, it will therefore be precisely equal to the sum of the contributions proportional to k in the action of the the two gravitons. This effectively doubles the value of k and we obtain
where we have put k = −1/2. Note that the value for a five brane is k = 1/2 as follows from e.g. [18] . As explained in [19] the value for the orientifold comes from working on the covering space. At order v 2 /r 3 the effect of the gravitational action is to cancel the five brane contribution explaining in the spirit of [23] why previous calculations, e.g. [4] , where the gravitational action (and five brane action) have been neglected, nevertheless give the right answer.
The M(atrix) model calculation
We now turn to the M(atrix) theory description of the R 5 /Z 2 orbifold with the aim of reproducing the supergravity result (31) . To derive the action we start with a U(2N) 0+1 dimensional supersymmetric Yang-Mills theory on the covering space with fields X i , i = 1, . . . , 9 in the adjoint representation, which describe N D0-branes along with their mirror images. The fields are split into X ⊥ and X corresponding to directions parallel and transverse to the orientifold plane. Keeping only states that are invariant under the combined action of orientation reversal and space-time reflection gives rise to the projection condition [20] 
These equations restricts the gauge group for the remaining states to be either SO(2N) or USp(2N), but consistency conditions enforces the choice USp(2N) [28, 29] . The action is given by [28] 
where R is the eleven dimensional radius and we have put the eleven dimensional Planck length l p = 1. The indices take values i = 1, . . . , 4 and I = 5, . . . , 9 and
. An extra factor of 1/2 has been included in front of the action in account for the fact that our system does not include the action of the image. This is clearly seen from the kinetic term which must be N/2R(v/2) 2 . This is equivalent to take the coupling constant g = 4R instead of g = 2R in the notation of [15] .
The four X i are in the antisymmetric representation of Sp(N) and corresponds to directions parallel to the orientifold, the fifth one is the longitudinal direction of the M(atrix)-model. The A I with I = 5, ..., 9 give the transversal coordinates. The fermionic fields are S a in the adjoint representation and Sȧ in the symmetric representation. We will perform a loop calculation using the background field method, As we will consider scattering in a direction transverse to the fixed plane, the background field B I only has non-zero components B I , I = 5, . . . , 9. To the Lagrangian we add ghosts and a gauge fixing term
Expanding around the background and performing the usual rescaling of fields
where B I is chosen to satisfy the equations of motion we obtain
where A I now denotes the fluctuation around the background and we performed the usual rescaling of fields [14] . The calculation will be performed in Euclidean time so we introduce τ = it and A τ = −iA 0 . The background that we will use is:
where σ 3 is a Pauli matrix and 1 N ×N is the identity matrix of N × N. This corresponds to a particle composed of N D0-branes moving in a direction transverse to the orientifold with an impact parameter b and velocity v/2 relative to the fixed point. (The distance between the particle and its mirror image is thus (2b) 2 + (vt) 2 and the relative velocity is v). Expanding around the background we obtain terms quadratic in the fluctuations which determine the propagators and cubic and quartic terms which give vertices with three and four legs respectively. The propagators are given in Appendix 2 and correspond to massless and massive fluctuations. Massless ones associated with strings stretching between D0-branes in the particle and massive to strings stretching between a D0-brane in the particle and another in the image. In terms of matrices, these are described by block diagonal and off-diagonal matrices respectively. The matrices X µ=5...9 are in the adjoint representation which is N(2N + 1)-dimensional. Of them, N 2 + N become massive. On the other hand, matrices X µ=1...4 are in the two index antisymmetric representation having 2N 2 − N − 1 fields out of which N 2 − N aquire a mass. In total we get the following massive fields:
• 8N 2 bosons of mass m 2 = (2r) 2 .
• N 2 + N bosons of mass m 2 = (2r) 2 + 2v. • N 2 + N bosons of mass m 2 = (2r) 2 − 2v.
• N 2 + N complex ghosts of mass m 2 = (2r) 2 .
• 4N 2 fermions of mass m 2 = (2r) 2 + v.
• 4N 2 fermions of mass
where r 2 = (b 2 + (vt/2) 2 ) is the distance between the particle and the orientifold. Integrating out massive fields at one loop we obtain the potential
We note that the N 2 contribution is one half of the one-loop potential between two D0-branes in uncompactified space [4] , while for N = 1 we obtain the result of [28] .
To obtain the two-loop correction we must evaluate vacuum diagrams (see Fig.  2 ) using the cubic and quadratic vertices. The resulting expression for the phase shift is expanded in powers of the velocity . Finally we calculate a corresponding potential.
In the following we give the final result for each diagram whereas intermediate expressions can be found in Appendix 2. The first thing to note is that there is no v 2 term at any order of N showing that the metric is not changed at two-loops. This is in agreement with the nonrenormalization theorem proved in [30] , see also [31, 32] . To compare the nonvanishing terms with the supergravity result it is necessary to include the coupling constant g = 4R as discussed previously. We must also return to Minkowsky space by putting v → iv. Powers of RM 3 are also restored using dimensional analysis with the result
which includes zero, one and two loop contributions and for each power of the velocity, only the leading order in N is written.
In a supergravity calculation, the background brings in powers of the orientifold charge which is proportional to 1/M 3 . Hence the lowest order 1/M must represent the interaction between the particle and its image. This interaction potential follows from the results of [14, 15] and is given by
This is exactly twice what is included in expression (40) in correspondence with the fact that in (40) only the action of the particle is considered and not that of the image. On the other hand the agreement is not surprising since it can be checked diagram by diagram because both calculations are similar. Of more interest in our case is the subleading order in 1/M. The v 2 terms are
This is the one loop result that was obtained in [19, 28] . The v 4 term is
in precise agreement with the supergravity result of section 2.
Conclusions
In this paper we have found yet another successful application of the perturbative M(atrix) model where from the supergravity point of view we are considering a three graviton effect. We have one graviton each from the D-particle, the mirror image and the orientifold meeting in a vertex. It is interesting to note the agreement in view of the latest developments in the study of three graviton scattering. A natural extension of this work is to consider graviton scattering in the presence of a five brane. Two gravitons and one five brane allows more general kinematic configurations than the one studied in this paper. It is tempting to conjecture an agreement also at higher loops for the v 4 term. This would imply a vanishing of all N k v 4 terms for k > 2 above one loop. Furthermore, an extension of the calculation in section two provides the supergravity prediction for the N 2 v 4 term at any loop.
and for two-index antisymmetric representation
where S ij and A ij are symmetric and antisymmetric N × N matrices given by
and λ j are diagonal matrices given by
In both representations the matrices of the first row are block diagonal and represent massless strings stretched between the particles whereas the ones in the second row represent strings stretched between a particle and an image. Since all the above matrices are of the form
δ ab , the expressions for the diagrams can be written in terms of f abc and d abc defined through
If one uses this procedure then the following formulas are useful
where the subscript S or A on an index indicates that it is summed only over symmetric or antisymmetric generators respectively. The fermions transform under the same representations and the above relations also apply. For the Dirac matrices we have used the following representation: where ǫ = iσ 2 and σ 1,2,3 are the Pauli matrices. The matrix Γ ⊥ used in (32) is then:
and so the first eight components of Θ transform in the two-index antisymmetric and the remaining ones in the adjoint. Using the previous formulas the result for the two loop effective action can be computed resulting in (40). However one can follow also a different procedure which gives more physical insight and provides a further check of the result. Let us consider the scattering of N D0-branes out of the orientifold fixed-plane. If we separate out one of the D0-branes and calculate the force due to the other N − 1 particles as depicted in fig.3 it is easy to see where the different powers of N come from. Indeed a diagram like fig.4 is clarifying. Note that an extra power of N is included to account for the fact that any of the N particles can be singled out. In other words, there are N strings going from a D-particle to its own image and N − 1 going from the D-particle to the image of some other D-particle. It is clear then that one can perform the calculation for the case N = 2 and then carefully separating the different contributions, multiply each one by the corresponding factor of N. In this way the same result (40) is obtained. where g i (τ 1 , τ 2 ) for different diagrams are listed below. The bosonic propagators are [14, 19] :
• for a massive boson of mass
• for a massless boson
For the fermionic diagrams we use that the fermionic propagator is related to the bosonic one through
The following notation is used for the different propagators
a) Diagram with a quartic vertex
b0) Two bosonic cubic vertices without time derivatives
b1) Two bosonic cubic vertices with one time derivatives
c2) Two bosonic cubic vertices with two time derivatives
c0) Two ghost vertices without time derivatives
c1) Two ghost vertices with one time derivative
c2) Two ghost vertices with two time derivatives
d) Two fermionic vertices
